We construct a sequence of n − 1 cyclic exact sequences that can be used to compute the K-theory of the C -algebra crossed product A Z n .
eralization of (1) to crossed products by Z n , where n is any positive integer, n ∈ {2, 3, 4, . . . }.
2 Embedding the crossed product as a subalgebra of M n (A)
Let α be an action of Z n on a C -algebra A. Let ξ be a primitive nth root of unity. For 0 ≤ k ≤ n − 1, the kth eigenspace of α is
Then A k = A n−k . Note that A 0 is the fixed point algebra of α, and each A k is an A 0 -bimodule. Denote by A j A k the closed linear span of { xy | x ∈ A j , y ∈ A k }. Note that A j A k ⊆ A j+k and A k A n−k is a two-sided ideal in A 0 .
Let P k : A → A k be the projection
Then α(P k (x)) = ξ k P k (x), P k is onto A k , P j P k = δ jk P k , and n−1 k=0 P k = I.
Elements of the crossed product A α Z n are denoted by
A, where i → λ i a unitary representation of Z n . Multiplication is given by
Lemma 1. The linear map θ :
is a -isomorphism of A α Z n with the C -subalgebra
It follows that θ
To see that θ is one-to-one, note that an inverse map exists. This is 5 because for a j λ j ∈ A α Z n , we can retrieve each a j via the formula
The map θ is onto since this inverse map is well defined if we replace θ a j λ j by an arbitrary element of the subalgebra (6) of M n (A).
Let B 0 denote the subalgebra (6) of Lemma 1. More generally, let B k be the kth lower right corner of B 0 ,
Note that for 0 ≤ k ≤ n − 2,
6 is a closed two-sided ideal of the C -algebra B k . Thus for 0 ≤ k ≤ n − 2, we have n − 1 exact sequences
3 Exact sequences for the K-theory
From the n − 1 exact sequences (11) of C -algebras, we get n − 1 cyclic exact sequences in K-theory
for 0 ≤ k ≤ n − 2.
Lemma 2. Assume A, I 0 , I 1 , . . . I n−2 all have strictly positive elements.
Then A 0 has a countable approximate unit for A. For each 0 ≤ k ≤ n − 2, J k has a countable approximate unit, J k has a strictly positive element, and B k+1 is a full corner of J k .
Proof: Let {e n } ∞ n=0 be an approximate unit for I k , and {f n } ∞ n=0 an approxi-
is an approximate unit for
It suffices to show that e n a → a for all a ∈ A 1 , . . . , A n−(k+1) . Note that e n a − a 2 = (e n a − a)(e n a − a) = e n aa e n − e n aa − aa e n + aa . (15)
8 B k+1 is full since
Here I used A i A 0 = A i for 0 ≤ i ≤ n − 1. Let {e γ } be an approximate unit for A. Note that P 0 e γ is also an approximate unit for A, since
Thus A 0 contains an approximate unit for A, so A i A 0 = A i for each i,
By Lemma 2 and Corollary 2.6 of [Bro, 1977] , we have
for 0 ≤ k ≤ n − 2, where K is the compact operators on a separable Hilbert space. Thus K * (J k ) = K * (B k+1 ) and from our n − 1 exact sequences (12), we get the n − 1 exact sequences
. . .
where I've identified B 0 ∼ = A α Z n in (22) and B n−1 ∼ = A 0 in (25). These exact sequences give a recursive procedure for computing
and K * (B n−2 ) to compute K * (B n−3 ), etc. Finally use (22), K * (B 1 ), and
Note that this recursive method reduces to Paschke's exact sequence (1) in the case n = 2. When n = 2, we are left with the single exact sequence
where B 
The matrix     0 1
represents an element of order 3 in P SL 2 (R). We compute
where
and
f ∈ A.
Then the fixed-point algebra is The two sides S 1 , S 2 of O intersect in T 's only fixed point e iπ/3 . T maps each point in S 1 to the horizontally adjacent point in S 2 , and 
